Abstract. Let K be a number field of degree n and let m ≥ n. We show that the density of the set of coprime m-tuples of algebraic integers is 1/ζK (m), where ζK is the Dedekind zeta function of K. This generalizes a result by Cesàro (1881) concerning the density of coprime pairs in Z.
Introduction
In 1881 Ernesto Cesàro proved that the density of the set of coprime pairs of integers is 1/ζ(2), where ζ is the Riemann zeta function. An analytic number theoretic proof of this result is presented in the book by Hardy and Wright [1] while a generalization to the case of m-tuples of integers has been given in [3] .
If one tries to extend the formulation of the theorem to the case of algebraic integers, one encounters some obstructions from the very beginning. In the next paragraphs the reader can find some of the motivations that led to our approach to the problem, especially concerning the definition of the density for a subset of the ring of algebraic integers O of a number field K.
Indeed, for the case of Z, there exists a "canonical" way to to compute the density of a set A ⊆ Z: this can be in fact defined as the limit in B (if it exists) of the sequence |A ∩ [−B, B[|/(2B). This definition extends to the density of a set A ⊆ Z m by considering the limit of the sequence |A ∩ [−B, B[ m |/(2B) m . This definition characterizes the probability that, given the m-dimensional hypercube of large side B centred in the origin, a uniformly random selected integer point has all relatively prime entries.
What can actually be done in the setting of algebraic integers is to consider the problem over the set of m-tuples of ideals of O using a suitable definition of density involving the norm function. Very interesting results in this direction can be found in [4] . On the other hand, if we want a proper generalization of Cesàro theorem to O (and not to the set of ideals of O) the approach presented in [4] does not apply: indeed, given a large bound B, there might be infinitely many elements of norm at most B (on the contrary to what happens in the case of Z). Therefore, not only this definition of density for the set of ideals of O cannot extend to a definition of density for O, but also the analogous probability interpretation that one has over Z is missing, since no uniform probability distribution exists over a countable set.
A non canonical measure for the density of a subset A ⊆ O is obtained by considering a Z-isomorphism ψ : O → Z n (n being the degree of the extension K ⊇ Q) and then by computing the density of ψ(A) over Z n as previously described. The resulting density is then dependent on the choice of ψ (that is equivalent to a choice of a Z-basis for O), but extends to A ⊆ O m componentwise, as one would expect by considering the limit of the sequence |ψ(A)∩[−B, B[ mn |/(2B) mn . Using this definition of density for the set E ⊆ O m of coprime m-tuples and a similar strategy to the one presented in [2] for the case of unimodular matrices over Z, something surprising turns out to be true: whenever m is larger or equal to the degree of the extension K ⊇ Q we have:
• the density d of E can be computed • d is independent on the choice of the embedding ψ (i.e. independent on the choice of the Z-basis for O) Let us now briefly describe the strategy we used to compute the above mentioned density in the general case of a subset E ⊆ Z N . First, we find a family {E t } t∈N of subsets of Z N with the following properties:
• we are able to compute the density of E t for each t
One should verify that the family of sets {E t } t approximates the set E in density in the sense that the sequence of densities of E t \ E converges to zero as t runs to infinity. Finally one computes the limit in t of the density of the E t , obtaining the density of E. The reason why this method works will be clarified later on.
1.1. Notation. Let H, H ′ be subsets of a commutative ring R and I an ideal of R. We say that H is congruent to H ′ modulo I if the projections of H and H ′ are equal modulo I. Moreover we will write
For a ring R, we denote by P its set of prime ideals. We say that the ideals I 1 , . . . , I l are coprime if j I j = R; we extend this notion to elements of R by considering the ideal generated by them. Let K be a number field of degree n and O its ring of algebraic integers. Let E = {e i } be a Z-basis for O. Define
Later on in the paper we will just write O[B] since the basis will be understood. For p a prime number, we denote by S p = {p
Let z = (z 1 , . . . , z m ) be an element of O m , we denote by I z the ideal generated by the set {z 1 , . . . , z m }. If F is a field we denote by F * the multiplicative group F \ {0}.
A definition for the density of the set of coprime m-tuples
In this section we will give a notion of density of a subset of O m . Let T be a subset of O m and E a Z-basis for O. We define the upper density of T to be
and the lower density as
We say that T has density d in basis E if
Whenever this density is independent on the chosen basis E, it is consistent to denote the density of a set T by D(T ) without any subscript.
The main idea behind this definition of density is the same that one has over Z: the only difference is that the way in which we cover the entire set (in this case O) is not canonical but depends on the basis E.
Let E ⊆ O m be the set of coprime m-tuples, i.e. the elements z ∈ O m for which I z = O. A corollary of our final result (Theorem 8) is that the density of E is actually independent on the basis E: even if the choice of the covering of O m is not canonical (it depends in fact on the chosen Z-basis for O) the density of E is.
Proof of the main result
Let S be a finite set of prime numbers. Let E S be the set of m-tuples z = (z 1 , . . . , z m ) in O m such that the ideal I z is coprime with every p ∈ S.
Remark 2. Equivalently, one checks that
j . In the following lemma and in Proposition 4 we will consider the surjection
Lemma 3. Proof. The key point is to decompose the map π. For the rest of the proof, the reader may refer to the following diagram:
where π N is the quotient map, ψ = (. . . , ψ p , . . . ) and ψ is its obvious extension to (O/(N )) m obtained by Chinese remaindering over the primes in S. Notice then that π = ψ • π N . Our strategy to prove the result is to compute the cardinality of the fibers of ψ and the intersection of the fibers of π N with O[qN ]:
for some unique 0 ≤ r Let us now complete the proof. By Lemma 3 we have that
In order to simplify the notation, define
Therefore |π
Thus,
Before we proceed, let us recall the following elementary calculus fact 
By pairing correctly numerator and denominator and writing D p according to its definition we get
inside the products we get
that is the first claim. We are now ready to prove that
Thanks to lemma 5 it will be enough to show
for all r ∈ {0, . . . , N − 1}. Indeed
mn By passing to the limit in q the final claim follows.
Remark 7. It is immediate to observe that the density of E S is independent on chosen basis E.
We are now in a position to formulate and prove the main result.
Theorem 8. Let m be a positive integer and K be a number field of degree n ≤ m.
Let O be the ring of integers of K. The density of the set E of coprime m-tuples of O is
where ζ K is the Dedekind zeta function of the number field K.
Proof. Let t be an integer and S t the set consisting of the first t prime numbers and define E t = E St . Observe that, since E t ⊇ E we have
by letting t run to infinity we get
.
In order to show the opposite inequality one first observes that
Therefore, it remains to prove lim t→∞ D E (E t \ E) = 0. For a prime ideal p ⊆ O, the t-th prime number p t and M an integer, let us simplify the notation as follows 
In order to complete the proof, we look for an estimate of |p ∩ O[B]| using a simple counting argument.
. Since E is a basis, there exists an element e j for which e j / ∈ p. WLOG, assume j = n. Fix an element a = (a 1 , . . . , a n−1 ) ∈ [−B, B[ n−1 ∩Z n−1 .
We will now uniformly bound |A(a)|: Let x, y ∈ A(a), then
a i e i − ye n = (x − y)e n ∈ p. Now, since e n / ∈ p, then x − y ∈ p, but then x − y ∈ p ∩ Z, it follows that the prime p lying under p divides x − y. Therefore all the elements of A(a) are congruent to the same remainder class modulo p. Therefore
For j = m we have to make use of the prime number theorem and the hypothesis m ≥ n:
CB n log(CB n ) that converges to zero as soon as m − n ≥ 0.
The following corollary produces the classical generalization of Cesàro theorem in the case of m-tuples of integers (presented in [3] ).
Corollary 9 (Extended Cesàro Theorem). The density of m-tuples of integers over Z is • since the zeta function has a pole in 1, the density of invertible elements in O (for example, in particular in Z) is zero.
• The obtained density is independent on the basis: by symmetry, in fact, all the proofs can be done by using another basis B, obtaining the same result.
Moreover, Theorem 8 completes the theory of Cesàro theorem for algebraic integers in the following sense: over Z one can equivalently consider the density of the set of coprime m-tuples of integers or coprime m-tuples of ideals of Z without any relevant distinction. If one is willing to do the same in the case of algebraic integers, one has to choose in which context one wants to consider the problem: in the context of m-tuples of ideals, the results in [4] are satisfying while in the setting of m-tuples of algebraic integers, Theorem 8 answers the question. Curiously, even if the set up of the problem is very different, the resulting densities match.
Conclusions
In this paper we gave a definition of density (Section 1) for a subset of O m (Section 2). Using this definition, we computed the density of the set of coprime m-tuples of algebraic integer (Section 3) and realized that it is proper in the sense that it is independent on the choice of the basis E. As a corollary of this computation we got a well known generalization [3] of Cesàro Theorem [1] in the case K = Q.
